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Problem Set 4

This fourth problem set explores set cardinality and its implications, then shows off just how much
cool stuff you can do with graph theory. Over the course of working through these problems, you
will get a better intuitive feel for these concepts, will see their applications in the real world, and will
solidify your proofwriting techniques. We hope you have as much fun working through these prob-
lems as we did researching and developing them.

As always, please feel free to drop by office hours, email us, or ask on Piazza if you have any ques-
tions. We'd be happy to help out.

Good luck, and have fun!

Checkpoint due Monday, October 24 at the start of lecture.
Remaining problems due Friday, October 28 at the start of lecture.

Before you begin working on this problem set, we recommend that you read over the “Guide to
Cantor's Theorem,” which includes the proof of Cantor's theorem referenced in this problem set and
several important definitions, such as what |S| ≤ |T| and |S| < |T| mean.

Skills you'll develop on this problem set:

• Understanding the formal definition of cardinality, how it differs from the intuitive concep-
tion of cardinality, and the nuances of the formal definition.

• Understanding Cantor's diagonal argument, why it's necessary, and how the proof works.

• Rigorously using set cardinality to establish fundamental limits in mathematics.

• Designing functions to meet certain criteria and proving that those criteria are met.

• Understanding and intuiting key concepts from graph theory:  nodes,  edges,  connectivity,
paths, cycles, adjacency, coloring, and planar graphs.

• Using set-theoretic concepts like partitions to define useful properties of graphs.

• Modeling real-world problems as questions about graphs, then exploring the answer to those
questions rigorously and precisely.

• Writing proofs that leverage major mathematical results as building blocks.

• Elegantly proving results of the form P ∨ Q.

• Writing arguments that involve counting up how many items there are of a particular type.



2 / 7

The following problems should be completed and submitted before the midterm on Monday.

Checkpoint Problem: A Really Simple Bijection? (2 Points if Submitted)
Consider the function f : ℕ → ℤ defined as f(n) = n.

i. Prove that f is not a bijection.

Below is a purported proof that f is a bijection:

Theorem: Let f : ℕ → ℤ be defined as f(n) = n. Then f is a bijection.

Proof: In lecture, we proved that |ℕ| = |ℤ|. Since the sets ℕ and ℤ have the same cardinality, we
know that every function between them must be a bijection. In particular, this means that f
must be a bijection, as required. ■

This proof has to be incorrect, since, as you proved in part (i), f isn't a bijection.

ii. What's wrong with this proof? Justify your answer.
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The remaining problems on this problem set are due on Friday, October 28th, at the start of lecture.

Problem One: Set Cardinalities (8 Points)
Let a and b be arbitrary objects such that a ≠ b. Using the formal definition of equal cardinalities, we'd
like you to prove that |ℕ × {a, b}| = |ℕ|, and we've broken this task down into three steps.

i. Draw a picture showing a way to pair off the elements of ℕ × {a, b} with the elements of ℕ.

ii. Based on the picture you came up with in part (i), define a bijection f : ℕ × {a, b} → ℕ.

iii. Prove that the function you came up with in part (ii) is a bijection.

Problem Two: Understanding Diagonalization (4 Points)
Proofs by diagonalization are tricky and rely on nuanced arguments. In this problem, we'll ask you to re-
view the diagonalization proof we covered in the Guide to Cantor's Theorem to help you better under-
stand how it works. (You should read the Guide to Cantor's Theorem before attempting this problem.)

i. Consider the function f : ℕ → ℘(ℕ) defined as f(n) = Ø. Trace through our proof of Cantor's the-
orem with this choice of f in mind. In the middle of the argument, the proof defines some set D in
terms of f. Given that f(n) = Ø, what is that set D? Is it clear why f(n) ≠ D for any n ∈ ℕ?

ii. Let f be the function from part (i). Find a set S ⊆ ℕ such that S ≠ D, but f(n) ≠ S for any n ∈ ℕ.
This shows that while the diagonalization proof will always find some set D that isn't covered by f,
it won't find every set with this property. Justify your answer.

iii. Repeat part (i) of this problem using the function f : ℕ → ℘(ℕ) defined as

f(n) = { m ∈ ℕ | m ≥ n }

Now what do you get for the set D? Is it clear why f(n) ≠ D for any n ∈ ℕ?

iv. Repeat part (ii) of this problem using the function f from part (iii).

Problem Three: Simplifying Cantor's Theorem? (2 Points)
In our proof of Cantor's theorem, we proved that |S| ≠ |℘(S)| using a diagonal argument. Below is a pur-
ported proof that |S| ≠ |℘(S)| that doesn't use a diagonal argument:

Theorem: If S is a set, then |S| ≠ |℘(S)|.

Proof: Let S be any set and consider the function f : S → ℘(S) defined as f(x) = {x}. To see that
this is a valid function from S to ℘(S), note that for any x ∈ S, we have {x} ⊆ S. Therefore,
{x} ∈ ℘(S) for any x ∈ S, so f is a legal function from S to ℘(S).

Let's now prove that f is injective. Consider any x₁, x₂ ∈ S where f(x1) = f(x₂). We'll prove
that x₁ = x₂. Because f(x₁) = f(x₂), we have {x₁} = {x₂}. Since two sets are equal if and only
if their elements are the same, this means that x₁ = x₂, as required.

However, f is not surjective. Notice that Ø ∈ ℘(S), since Ø ⊆ S for any set S, but that there
is no x such that f(x) = Ø; this is because Ø contains no elements and f(x) always contains
one element. Since f is not surjective, it is not a bijection. Thus |S| ≠ |℘(S)|. ■

Unfortunately, this proof is incorrect. What's wrong with this proof? Justify your answer.
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Problem Four: Paradoxical Sets (9 Points)
What happens if we take absolutely everything and throw it into a set?  If we do, we would get a set called
the universal set, which we denote 𝒰:

𝒰 = { x | x exists }

Absolutely everything would belong to this set: 1 ∈ 𝒰, ℕ ∈ 𝒰, philosophy ∈ 𝒰, CS103 ∈ 𝒰, etc. In fact,
we'd even have 𝒰 ∈ 𝒰, which is strange but not immediately a problem.

Unfortunately, the set 𝒰 doesn't actually exist, as its existence would break mathematics.

i. Prove that if A and B are arbitrary sets where A ⊆ B, then |A| ≤ |B|. Although this probably makes
intuitive sense, to formally prove this result, you need to find an injection f : A → B and prove that
your function is injective. (See the Guide to Cantor's Theorem for the formal definition of the
statement |A| ≤ |B|).

ii. Using your result from (i), prove that if 𝒰 exists at all, then |℘(𝒰)| ≤ |𝒰|.

iii. Using your result from (ii) and Cantor's theorem, prove that 𝒰 does not exist.

The result you've proven shows that there is a collection of objects (namely, the collection of everything
that exists) that cannot be put into a set. When this was discovered at the start of the twentieth century, it
caused quite a lot of chaos in the math world and led to a reexamination of logical reasoning itself and a
more formal definition of what objects can and cannot be gathered into a set. If you're curious to learn
more about what came out of that, take Math 161 (Set Theory) or Phil 159 (Non-Classical Logic).

Problem Five: Complements and Connectivity (5 Points)
If G = (V, E) is an undirected graph, the complement of G, denoted Gc, is a graph related to the original
graph G. Intuitively, Gc has the same nodes as G, and its edges consist of all the edges missing from graph
G. Formally speaking, Gc is the graph with the same nodes as G and with edges determined as follows: the
edge {u, v} is present in Gc if and only if u ≠ v and the edge {u, v} is not present in G. As an example,
here's a graph G and its complement graph Gc:

a b

c d e

Graph GcGraph G

a b

c d e

Recall that a graph G is called connected if there is a path between any two nodes in G. Prove that if G is
an undirected graph, then G is connected or Gc is connected (or both). This result has an interesting inter-
pretation: given any group of people, either any two people in that group can be linked via a chain of
Facebook friendships, or any two people in that group can be linked by a lack of Facebook friendships.

As a hint, look at Handout 13 and our advice about how to prove a statement of the form P ∨ Q, and think
about connected components.
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Problem Six: Bipartite Graphs (13 Points)
The bipartite graphs are a special class of graphs with applications throughout computer science. An undi-
rected graph G = (V, E) is called bipartite if there is a way to partition the nodes V into two sets V₁ and
V₂ so that every edge in E has one endpoint in V₁ and the other in V₂.

To help you get a better intuition for bipartite graphs, let's consider an example. Suppose that you have a
group of people and a list of restaurants. You can illustrate which people like which restaurants by con-
structing a bipartite graph where V₁ is the set of people, V₂ is the set of restaurants, and there's an edge
from a person p to a restaurant r if person p likes restaurant r.

Bipartite graphs have many interesting properties. One of the most fundamental is this one:

An undirected graph is bipartite if and only if it contains no cycles of odd length.

Intuitively,  a  bipartite  graph contains  no odd-length cycles  because cycles  alternate between the  two
groups V₁ and V₂, so any cycle has to have even length.

The trickier step is proving that if G contains no cycles of odd length, then G has to be bipartite. For now,
assume that G has just one connected component; if G has multiple connected components, we can treat
each one as a separate graph for the purposes of determining whether G is bipartite. (You don't need to
prove this, but I'd recommend taking a minute to check why this is the case.)

Suppose G is an undirected graph with no cycles of odd length. Choose any node v ∈ V. Let V₁ be the set
of all nodes that are connected to v by a path of odd length and V₂ be the set of all nodes connected to v
by a path of even length. (Note that these paths do not have to be simple paths). Formally:

V₁ = { x ∈ V  |  there is an odd-length path from v to x }

V₂ = { x ∈ V  |  there is an even-length path from v to x }

i. Prove that V₁ and V₂ have no nodes in common.

ii. Using your result from part (i), prove that if G is connected and has no cycles of odd length, then
G is bipartite. (Hint: what exactly do you need to prove to show that a graph is bipartite?)

A Hamiltonian cycle in a graph G = (V, E) is a simple cycle (a cycle with no repeated vertices) that visits
every node in  V exactly once.  The graph given below represents the intersections in a particular city
whose roads are laid out in a grid pattern. A Hamiltonian cycle in this graph would represent a way to
visit every intersection in the city in a loop, ending up back where you started. 

iii. Find a Hamiltonian cycle in this graph, or prove that one doesn't exist. 
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Problem Seven: Outerplanar Graphs (13 Points)
If G is a graph, the augmentation of G, denoted Aug(G), is formed by adding a new node v★ to G, then
adding edges from v★ to each other node in  G. For example, below is a graph  G and its augmentation
Aug(G). To make it easier to see the changes between G and Aug(G), we've drawn the edges added in
Aug(G) using dashed lines:

Here's one additional definition: an undirected graph G is called an outerplanar graph if Aug(G) is a pla-
nar graph. In other words, if Aug(G) is a planar graph, then the original graph G is an outerplanar graph.

A landmark result about planar graphs is the four-color theorem: every planar graph is 4-colorable.

i. Prove the three-color theorem: every outerplanar graph is 3-colorable.

Here's a nifty application of outerplanar graphs. Imagine that you have a room in the shape of a polygon.
You're interested in placing floodlights in some number of the corners of the room so that the entire room
will be illuminated. You can always illuminate the entire room by putting floodlights in all the corners of
the room, and the challenge is to find a way to minimize the number of necessary lights.

For example, here's one possible room and one set of three floodlights that would illuminate the room:

The Room Three Floodlights A Triangulation

A useful mathematical concept for modeling this problem is  polygon triangulation. Given a polygon, a
triangulation of that polygon is a way of adding extra internal lines connecting the existing vertices of that
polygon so that (1) the polygon ends up subdivided into non-overlapping triangles and (2) no new vertices
are added. One possible triangulation of the original room is shown above. Importantly,  any floodlight
placed at the corner of a triangle will illuminate everything in that triangle, since there's nothing to obstruct
the light.

You can think about the triangulation of a polygon as a planar graph: each vertex is a node, and each line
is an edge. But more than that, the triangulation of any polygon is an outerplanar graph, since the aug-
mentation is always planar. (You don't need to prove this)

ii. Using your result from part (i) and the fact that any polygon can be triangulated, prove that you
can always illuminate a room in the shape of any n-vertex polygon using at most n/3 floodlights.

a b

c d

f g

e

a b

c d

f g

e

v★

Aug(G)Graph G
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Problem Eight: Hugs All Around! (7 Points)
There's a party with 137 attendees. Each person is either honest, meaning that they always tell the truth,
or mischievous, meaning that they never tell the truth.

After everything winds down, everyone is asked how many honest people they hugged at the party. Sur-
prisingly, each of the numbers 0, 1, 2, 3..., and 136 was given as an answer exactly once.

How many honest people were at the party? Prove that your answer is correct and that no other answer
could be correct. (Hint: There's a theorem from lecture that you might find useful here.)

Extra Credit Problem: More Fun with Friends and Strangers (1 Point Extra Credit)
In class, we proved that in any group of six people, you can always find three people who are mutual
friends (they all know one another) or mutual strangers (none of them know one another).

Prove this stronger result: in any group of six people, you can always find two groups of three people who
are mutual friends or mutual strangers. (Those groups are allowed to have some people in common – they
just can't be exactly the same group.)


